Abstract. In the search for an explanation for the current acceleration of the Universe, scalar fields are the most simple and useful tools to build models of dark energy. This field, however, must in principle couple with the rest of the world and not necessarily in the same way to different particles or fluids. We provide the most complete dynamical system analysis to date, consisting of a canonical scalar field conformally and disformally coupled to both dust and radiation. We perform a detailed study of the existence and stability conditions of the systems and comment on constraints imposed on the disformal coupling from Big-Bang Nucleosynthesis and given current limits on the variation of the fine-structure constant.
Introduction
The origin of the accelerated expansion belongs to the great unresolved puzzles in cosmology. There are a plethora of different models proposed to explain this phenomenon, such as the simple cosmological constant, minimally coupled slowly rolling scalar fields, scalar-tensor extensions of the Einstein-Hilbert action, f (R) gravity, Gauss-Bonnet extensions of General Relativity, massive gravity, etc. Each of these models make predictions for cosmology and possible local (on earth and the solar system) experiments. See Ref. [1] [2] [3] for recent reviews. Scalar field models of dark energy, in which the present accelerated expansion is due to a slowly rolling scalar field, are among the most studied models [4] [5] [6] [7] [8] . This is on the one hand due to their simplicity and on the other hand these models can be phenomenologically quite rich and make verifiable predictions. In the simplest models, the scalar field is not coupled to any other matter form. In the simplest extension, the field couples non-minimally to dark matter (coupled quintessence) [6, [9] [10] [11] . From the field-theoretical side, there is no reason to believe that the scalar field is decoupled from the rest of the world, unless there is a symmetry which forbids coupling to the standard model fields, for example [12] .
To couple the scalar field in a non-trivial way to matter, it is usually assumed that matter feels a different metric than the one in the gravitational sector. For example, dark matter particles could propagate such that the geodesics are with respect to a metricg µν which is related to the gravitational metric via a conformal transformation (we will provide a more formal definition in the next section). Recently, extensions have been proposed in which the metricg µν is related to the gravitational metric via a disformal transformation (again, we will provide a formal definition in the next section) [13] [14] [15] [16] [17] [18] [19] . As a result, these models can in principle have a very different phenomenology compared to the simplest possible cases.
In this paper we provide a comprehensive dynamical system analysis of models which allow for disformal couplings of a scalar field to matter. In particular, we allow the scalar to be coupled differently to two different fluids, such as dust and radiation or two dust components. We find the fixed points for the different cases, and evaluate the conditions for their existence and stability. We do recover all results from the literature, but extend those where necessary (for example in the disformally coupled single fluid case, a thorough stability analysis had not yet been done) and discuss the two-fluid case in the presence of disformal couplings for the first time.
The paper is organised as follows: In the next Section, we present the model and the equations of motion in full generality. In Section 3 we present the dynamical system equations, and solve for a single fluid case with arbitrary equation of state (EOS) in Section 4. In Section 5 we present the different cases with two fluids. The cosmological consequences are discussed in Section 6, in which we also apply our solutions to the variation of the finestructure constant. A summary and conclusions can be found in Section 7. In an Appendix we present a dynamical system which can be studied with any functional form of the scalar field potential and scalar-matter couplings. We also collect in the Appendix the expressions for the eigenvalues.
Cosmology
We consider a scalar-tensor theory in the Einstein frame with action
where the fields χ i propagate on geodesics defined by the metrics
with C i (φ), D i (φ) being the conformal and disformal coupling functions respectively. In the most general case, the functions C i and D i can depend on the kinetic term X = − 1 2 g µν ∂ µ φ∂ ν φ as well, but in this paper they will be a function of the scalar field φ only. The introduction of disformal couplings is the simplest extension of the models discussed in the literature which are based on conformal couplings only. But we should mention that the simple look of the action above is deceiving: if we were to study the theory in the frame in which ordinary matter is decoupled from the scalar, the theory in this frame is a Horndeski-theory in which the scalar field is in general coupled disformally to all other matter forms [20, 21] . Furthermore, the action above can also be motivated from a higher-dimensional setup, in which dark matter is confined on a slow-moving brane moving in a higher-dimensional space [22] . In such a model, the scalar field describes the position of the brane and dark matter is coupled disformally. Working in the Einstein frame will simplify our calculations enormously.
Variation of the action (2.1) with respect to the metric g µν leads to the field equations in the Einstein frame
where the energy-momentum tensors for the scalar field, φ, and the other fields, χ i , are defined by
Pl ≡ 8πG such that M Pl = 2.4 × 10 18 GeV is the reduced Planck mass. The equation of motion of the scalar field simplifies to the following equation
where
where T i is the trace of T µν i . The Einstein tensor G µν is divergenceless, but in our theory this does not imply that all (i + 1) energy-momentum tensors on the right hand side of Eq. (2.3) are independently conserved. Indeed, we find the following conservation equation for each i-component
On specifying a perfect fluid energy-momentum tensor for each i-component,
where ρ i and p i are the Einstein frame i th fluid energy density and pressure respectively, we find the following modified conservation equation 
10)
where we define the field's energy density as ρ φ = 1 2φ
2 +V (φ), its pressure as p φ = 1 2φ
2 −V (φ), and the equation of state parameters for the field and fluids are w φ = p φ /ρ φ , and w i = p i /ρ i , respectively. Since we will be interested in the Einstein frame dynamics of the scalar field in the presence of radiation and matter, we remark that for an FRW cosmology with two perfect fluids coupled to the scalar field, it can be found that [23] 
13)
15)
Dynamical System Analysis
We are now going to reduce the above system of equations to a set of first order autonomous differential equations. We first introduce the variables
where we use the number of e-folds, N ≡ ln a(t), instead of the Einstein frame coordinate time, t, as the time coordinate, and denote derivatives with respect to N by a prime. In these new variables the Friedmann-scalar field system of equations can be written as follows where w c eff = w eff (x c , y c , z c i , σ c i ) and t 0 is a constant of integration. When w c eff = −1, the Universe is undergoing eternal de Sitter exponential expansion with a constant Hubble parameter.
Single Fluid-Arbitrary EOS
For a single fluid with an Einstein frame equation of state parameter, w, the relevant equations reduce to the following
with the Friedmann equation constraint
where the other variables have the same definition as in the general two fluid case discussed in Section 3. We remark that for the special case of a pressureless fluid, i.e. w = 0, with the following couplings and scalar field potential 5) where α, β, λ, M , and V 0 are all considered to be constant, we recover the dynamical system studied in Ref. [18] . The latter parameter V 0 is a mass scale associated with the scalar potential. We will be considering the couplings and scalar field potential as defined in Eq. (4.5), and furthermore, we will re-parametrise our single fluid equation of state parameter to γ ≡w + 1 such that 0 ≤ γ ≤ 2. We remark that the above system coincides with the conformally coupled case given in Ref. [9, 29] in the limit β → −∞ and furthermore, the uncoupled system presented in Ref. [30] is recovered when β → −∞ and α = 0.
Fixed Points
The fixed points for a single fluid with an arbitrary constant equation of state parameter, γ, are found by setting equations (4.1)-(4.3) equal to zero. The fixed points for this system, labelled (1)- (8) , are tabulated in Table 1 . We list the cosmological parameters, Ω φ and w φ , together with Z in Table 2 . In Table 3 we explicitly write down the equation of state parameter dependent fixed points for the particular cases of dust and radiation, since the remaining will be identical to the generic case found in Table 1 . We use the same numbering system for radiation and dust fixed points and label the radiation fixed points by a subscript (r) and the dust fixed points by a subscript (d). For simplicity, we do not rename (1), (2) Name x y σ and (7) for the radiation and dust cases, although we relabel (3) and (4) for the specific cases of dust and radiation, as described above, in order to use them in the two fluid cases discussed in Section 5. In Table 4 we give the effective equation of state together with the required parameter values for accelerated expansion for all dust fixed points. Fixed point (5) is obtained when considering y = 0, σ = 0 in equations (4.1) and (4.3) giving, in the generic case, fixed points (3), (4), and (5). For the specific case of dust, only fixed points (3) (d) and (4) (d) are obtained, ending up with seven fixed points which coincide with the fixed points found in Ref. [18] . As expected, for radiation, i.e., γ = 4/3, we obtain the full set of eight fixed points.
Existence Conditions
For this analysis we will be using the fact that 0 ≤ Ω φ ≤ 1, such that the fluid energy density is non-negative, ρ ≥ 0. As already mentioned, we will be considering 0 ≤ γ ≤ 2 and that x, y, σ, Z ∈ R.
Arbitrary EOS
We will now make some remarks on the existence of the fixed points (1)- (8) found in Table  1 .
• Kination: Fixed points (1) and (2) always exist as they are independent from the introduced parameters. These scalar field kinetic dominated solutions are characterised by a stiff equation of state, w φ = 1, and as expected there is no metric singularity as Z = 1.
• Disformal : For the disformal fixed points (3) and (4), we find that β ≥ 3/2 for (3) and β ≤ − 3/2 for (4). Both points give a stiff fluid with a metric singularity as Z = 0, and they are found to be independent from the fluid equation of state parameter, although, as we will see, their stability does depend on γ.
• Mixed : As already remarked in the beginning of this section, (5) is not defined for dust and, furthermore, this fixed point does not exist for the choice γ = 0 as well. The allowed parameter values of α, β and γ must satisfy the inequality 3γ 2 < 2 (α(4 − 3γ) + 2β) 2 together with the condition Z ∈ R. This disformal fixed point is also characterized by a stiff fluid (w φ = 1), although in this case we can avoid the metric singularity if we choose the right parameter values, such that Z ∈ R \ {0}.
• Conformal kinetic: In order to define a finite x-coordinate of (6), we restrict the range of γ to 0 ≤ γ < 2. For γ = 4/3, all parameter values are allowed, although we end up with an indeterminate value of w φ . For γ = 4/3, the solution is characterised by a stiff fluid. The existence of this fixed point is as follows
• Scalar field dominated : For fixed point (7) we find that this is defined if λ 2 < 6. This is a scalar field dominated solution (Ω φ = 1) with a scalar field equation of state parameter
• Conformal scaling: For the last fixed point, (8), we require the following inequalities Name to be satisfied in order to be defined
In the absence of the conformal coupling, α = 0, (8) is a cosmological scaling solution [4, 29, 30] , such that w φ = γ − 1.
We shall now consider the existence of the dust (γ = 1) fixed points, denoted by the index (d), and radiation (γ = 4/3) fixed points, denoted by the index (r);
The existence arguments for fixed points (1)-(4) found in Table 1 also hold for (1), (2), (3) (d) , (4) (d) , respectively. Furthermore, the existence of (7) is equivalent to the general case. Regarding the conformal kinetic dominated fixed point (6) (d) , we require that α 2 < 3/2. For the last fixed point, (8) (d) , we require that α(α + λ) > −3/2 and λ(α + λ) > 3. We note that for non-negative values of α, λ and β, this analysis coincides with that of Ref. [18] .
Similar to the dust case, the first four radiation fixed points and (7) are respectively equivalent to (1)- (4) and (7) found in Table 1 , hence the existence of these fixed points follows from the general fluid discussion. For fixed point (5) (r) , we find that β 2 > 2 in order to satisfy the condition Ω φ < 1, and that the coupling between the two disformally related metrics, Z, is made sure to be real valued. This solution is characterized by a stiff fluid equation of state, and for β 2 > 2, the radiation and Einstein frame metrics are both well-defined without a singularity. The radiation fluid dominated solution, (6) (r) , always exists, irrespective of the parameter values. It is characterised by an indeterminate scalar field equation of state. The last radiation fixed point, (8) (r) , is a scaling solution which exists when λ 2 > 4. . We take into consideration the existence of the fixed point when determining the required parameters for acceleration.
Stability Conditions
We now study the stability of the fixed points by analysing the eigenvalues of the matrix M, which is constructed after considering a small perturbation around each fixed point. In what follows, no zero eigenvalues are obtained, and hence the Hartman-Grobman theorem guarantees that the stability around a fixed point can be studied by the linear approximation (see for example Ref. [18, 26] for stability analysis with zero eigenvalue). We give the matrix elements of M in Appendix B together with the corresponding eigenvalues e 1,2,3 in Appendix C. Since our system is three-dimensional and not two-dimensional, as in the purely conformal case, the stability analysis will be different from the lower dimensional system. We will restrict our stability analysis to the dust and radiation cases only, as in the general fluid case there is freedom in four parameters. This is due to the fact that even if the fixed points are independent from the disformal coupling, the eigenvalues can still contain β.
Dust (γ = 1)
• (1): this can either be a stable node, an unstable node or a saddle point depending on the chosen values of α, β and λ. It is a stable node if β > − 3/2, λ < − √ 6 and α > 3/2. Consequently, this fixed point can become stable when a disformal coupling is introduced. Also, in the following fixed points we find that the introduction of a disformal coupling widens up the region of parameter space that renders a fixed point stable.
• (2): similarly, the other scalar field kinetic dominated fixed point can either be a stable node, an unstable node or a saddle point according to the chosen parameter values. It is a stable node if β < 3/2, λ > √ 6 and α < − 3/2.
• (3) (d) : it is either a stable node or a saddle point. Indeed, we find that this is a stable point if β > 3/2, α < −β + (−3 + 2β 2 )/2 and λ > 2β.
• (4) (d) : the remaining disformal fixed point can either be a stable node or a saddle point. It is stable if β < − 3/2, α > −β − (−3 + 2β 2 )/2 and λ < 2β.
• (6) (d) : the conformal kinetic dust solution can either be a stable node or a saddle point.
It cannot be an unstable fixed point as e 1 < 0 when − 3/2 < α < 3/2. It is found to be stable in the following regions
• (7): for parameter values satisfying either one of the following inequalities
we have a stable node, otherwise it is a saddle point. This dust fixed point cannot be unstable, since e 2 < 0 for − √ 6 < λ < √ 6.
• ( The three-dimensional single fluid system is invariant under y → −y and furthermore, the (x, y, σ)-phase space is non-compact, since
We restrict the range of σ to non-negative values due to stability problems [17, 18] . We compactify this phase space by introducing the variable Σ = arctan σ. The phase space is now compact, with x, y, Σ lying in the range
We are also aware of fixed points at Σ = π/2 [18] , although this is beyond the scope of our study. The compactified phase space is described by a semi-circular prism of length π/2. Furthermore, we can at most have six fixed points for any parameter choice. This is due to the fact that for a particular choice of β, either (3) (d) or (4) (d) exists, but not both at the same time. Two illustrations containing some solution trajectories with different attractors are shown in Fig 2. The x − y plane in these three-dimensional phase spaces, depict the purely conformal case.
Radiation (γ = 4/3)
• (1): since e 2 = 2, then this kination fixed point cannot be stable. Indeed, it can either be an unstable node or a saddle point. It is found to be an unstable node if λ > − √ 6 and β < − 3/2, and it is a saddle point if either λ < − √ 6 and β = − 3/2, or if λ > − √ 6 and β > − 3/2.
• (2): the other kination fixed point is found to be an unstable node if λ < √ 6 and β > 3/2. It can also be a saddle point if λ < √ 6 and β < 3/2, or if λ > √ 6 and β = 3/2.
• (3) (r) : in this case, we can have a stable node for β > √ 2 and λ > 2β. It can also be a saddle point for β > √ 2 and λ < 2β, or if 3/2 < β < √ 2, then it is a saddle point when λ = 2β. • (4) (r) : this disformal fixed point is a stable node when β < − √ 2 and λ < 2β. For β < − √ 2 and λ > 2β, together with the other choice of − √ 2 < β < − 3/2 and λ = 2β, we find that (4) (r) is a saddle point.
• (5) (r) : the mixed fixed point, which is missing in the case of dust, is found to be only a saddle point, since e 1 and e 2 have opposite signs in the available range of β. Indeed, this is true for β < − √ 2 such that λ = 2β, and for the choice β > √ 2 and λ = 2β.
• (6) (r) : this radiation dominated fixed point is a saddle point, as its eigenvalues are e 1 = −1, e 2 = −4 and e 3 = 2.
• (7): this scalar field dominated fixed point is either a stable node or a saddle point, since e 2 < 0 in the fixed point existence range of − √ 6 < λ < √ 6. It is found to be stable for −2 < λ < 0 and β > λ/2, and also when 0 < λ < 2 such that β < λ/2. (7) with α = 0.6, β = −2, λ = 0.7.
• (8) (r) : the conformal scaling fixed point cannot be unstable as R(e 2 ) < 0 and R(e 3 ) < 0 ∀λ ∈ R \ [−2, 2]. We find that for 2 < λ ≤ 8/ √ 15 and −8/ √ 15 ≤ λ < −2, it is a stable node for β < λ/2 and β > λ/2 respectively, and it is a saddle point if β > λ/2 and β < λ/2 respectively. For λ > 8/ √ 15, it is found to be a stable spiral when β < λ/2, and a spiral saddle if β > λ/2. Similarly, for λ < −8/ √ 15, (8) (r) is a stable spiral when β > λ/2, and a spiral saddle if β < λ/2.
Similar to the single fluid dust case, we show the phase space together with some solution trajectories in Fig 3. In this case, for any particular choice of the parameters, we can at most have seven fixed points, where two of them are disformal fixed points. We should remark that when either one of the disformal fixed points is the global attractor of the system, it is found that the solution converges very slowly, in agreement with the results found in Ref. [18] .
Two Fluids
We will now investigate the dynamical system presented in Section 3 for a two fluid scenario. Three different particular cases are studied in the sections that follow. In each case, we will be considering at least one conformally-disformally coupled fluid. When the obtained fixed point can be generated from a single fluid system, we will use an identical label to that corresponding to a single fluid fixed point. Despite the fact that the majority of the two fluid fixed points reduce to the single fluid fixed points, our aim is to generalise the conformally coupled fluid system [9, 28, 31 ] to a conformally-disformally coupled fluid system. Because The blue region is the allowed region, whereas the yellow region is where the Universe undergoes an accelerated expansion. On the left the attractor is (8) (r) with β = 1.5, λ = −2.395, and on the right the attractor is (7) with β = −1.5, λ = 0.448. a generic treatment is very cumbersome, we will consider in what follows, dust and radiation fluids only.
Two Fluids-Conformal-disformal dust and conformal-disformal radiation
In this section, we study the full solution of the two fluid conformal-disformal system presented in Section 3 for the particular case of dust and radiation perfect fluids, i.e. γ 1 = 1, γ 2 = 4/3. This system will be five-dimensional, in which we choose our dynamical variables to be x, y, z 1 , σ 1 and σ 2 . In the absence of disformal couplings, this system reduces to the three-dimensional conformally coupled case presented in Ref. [9] . We choose our couplings and scalar field potential to be of exponential forms
For completeness, we list all fixed points in Table 5 together with the corresponding cosmological parameters in Table 6 . We also include z 2 in Table 5 in order to link the single fluid cases studied in Section 4 with this scenario. The new fixed points for this two fluid system which cannot be obtained from a single fluid system are (a) and (b). We shall refer to fixed point (a) as the conformal dust radiation fixed point, which was obtained in Ref. [9] , and refer to fixed point (b) as the disformal dust radiation fixed point.
Existence Conditions
In this section we will only comment on the existence of the conformal dust radiation fixed point and the disformal dust radiation fixed point, since the existence of the other fixed points follows from Section 4.1.1. Indeed, we find that fixed point (a) exists when α 2 1 > 1/2 and fixed point (b) exists whenever β 2 1 > 2. terms are as follows:
For the disformal fixed points (b), (3) (d) , (4) (d) , (3) (r) , (4) (r) , we can clearly observe that when fluid i has a non-zero value of σ i , then the disformal metric transformation Z i = 0. The mixed disformal fixed point (5) (r) , however, avoids the singularity for both metrics.
Name Table 6 : Listed are, respectively, the cosmological parameters Ω φ and w φ , together with Z 1 , Z 2 , and the effective equation of state parameter w eff , for conformally-disformally coupled dust and conformally-disformally coupled radiation fixed points.
Stability Conditions
We will now discuss the region in which the above fixed points are found to be stable by using the eigenvalues e 1,2,3,4,5
1 . We only discuss the regions in which the fixed point is found to be stable.
• The kinetic dominated fixed points (1) and (2) cannot be stable since e 1 = 2 for both of them. Also, the radiation dominated fixed point, (6) (r) , is found to be a saddle point since e 1 , e 2 , e 4 < 0 and e 3 , e 5 > 0.
• The conformal dust radiation fixed point, (a), can either be a stable node or a stable spiral. Indeed, it is found to be a stable node when either of the following conditions are satisfied
and is a stable spiral when either of the following holds
• The conformal dust kinetic fixed point, (6) (d) , is a stable node when either of the following conditions are satisfied
• For the disformal dust radiation fixed point, (b), we know that this exists if β 2 1 > 2, and furthermore this two fluid disformal fixed point is found to be a saddle point.
• The existence of fixed point (3) (d) requires β 1 ≥ 3/2. By imposing that e 1,2 < 0 we get that β 2 < β 1 , and λ > 2β 1 . The constraint on α 1 in terms of β 1 is obtained from • The existence of the other disformal fixed point, (4) (d) , implies that β 1 ≤ − 3/2. Furthermore, e 1 , e 2 < 0 give β 2 > β 1 , and λ < 2β 1 . From e 3,4,5 we get constraints on the choice of α 1 in terms of β 1 . An illustration of some values is given in Fig 4. • The only non-singular disformal fixed point, (5) (r) , is a saddle point when β 2 2 > 2. This is due to the opposite signs of e 3 and e 4 .
• For the next disformal fixed point, (3) (r) , we find that this is a stable node when the following inequalities are satisfied
• Similarly, fixed point (4) (r) is found to be a stable node when the chosen parameters satisfy the following inequalities
• The conformal radiation scaling fixed point (8) (r) is found to be a stable node when either of the following holds
and is a stable spiral when either of the following is satisfied
• The scalar field dominated fixed point (7) is a stable node in the following regions
• For the conformal dust scaling fixed point, (8) (d) , an illustration of the possible values of α 1 and λ, for some fixed values of the other parameters that render this point stable, is given in Fig 5. Indeed, we find that this point can either be a stable node or a stable spiral.
We will be interested in cosmologically acceptable trajectories, by which we mean that the trajectory should start in the radiation era, then evolve to a matter dominated era, and finally reproduce our present day accelerating Universe. In our examples, we will use Ω 0,m 0.308, Ω 0,φ 0.692, H 0 67.8 km s −1 Mpc −1 , and w 0,φ −1 as our present day cosmological parameters [32] . These imply that the present values of the dynamical system variables should be x 0 0, y 0 0.832, z 0,1 0.555. Furthermore, since the scalar field plays an important role in the late time Universe, the trajectories in the radiation dominated epoch should start near x = y = 0. We give an example in Fig 6, showing the evolution of Ω i and ρ i such that the future attractor is the scalar field dominated fixed point (7) . In this plot we compare the conformally coupled scenario with the disformally coupled case by evolving the equations from the same initial conditions. We also define a time-dependent effective mass scale,
This effective mass scale is also plotted in Fig 6 . By assuming standard Big-Bang Nucleosynthesis (BBN), we can use a conservative constraint of Ω φ (MeV) < 0.2 [33, 34] (a tighter constraint of Ω φ (MeV) < 0.045 was obtained in Ref. [35] ) to limit the range of the parameters α 1 , β 2 , and λ. Indeed, if we further assume that the non-singular fixed points (a), (5) (r) , and (8) (r) are reached by BBN, we get, from Ω φ < 0.2, that α 2 1 > 5/6, β 2 2 > 10/3, and λ 2 > 20 respectively. 
Two Fluids-Conformal dust and conformal-disformal radiation
In this section we consider another particular case of the general system discussed in Section 3. Indeed, we will be interested in a conformally coupled perfect fluid with equation of state parameter, γ 1 , defined in the conformal frame by the metricg 1 µν , in the presence of a distinct conformally-disformally coupled perfect fluid with equation of state parameter, γ 2 , defined in the disformal frame by the metricg 2 µν . As in the single fluid case, we will be considering exponential couplings and scalar field potential, as follows
This system can be viewed as a reduced phase space analysis of the previous higher-dimensional system of Section 5.1. Indeed, this dynamical system is four-dimensional, i.e., one dimension less than the previous case. One might think that the results could simply be obtained from the previous case by setting β 1 → −∞. We will see in the following that if we do this, we would be missing out some of the stability conditions. For simplicity, we choose to eliminate z 2 from our system of differential equations, and hence, we end up with four ordinary differential equations for x, y, z 1 and σ 2 . The fixed points for this system are tabulated in Table - D1. This is a generalisation of the fixed points found in the single fluid case with equation of state parameter, γ, tabulated in Table 1 .
We will now specify this system to conformally coupled dust and conformally-disformally coupled radiation, i.e. γ 1 = 1 and γ 2 = 4/3. As expected, the fixed points for this particular system are found to be contained in the fixed points discussed in the previous case when we considered radiation and dust to be both conformally and disformally coupled. Indeed, the fixed points for this system are (1), (6) (r) , (2), (a), (6) 
, and (8) (d) . Since the existence analysis of these fixed points coincides with that presented in Section 5.1.1, we only discuss the stability of these fixed points. All sets of eigenvalues, e 1,2,3,4 , for each fixed point can be found in Appendix D2. 
Stability Conditions
We will now discuss the stability of the fixed points of this reduced system. This analysis will be slightly different from the previous, since we now have four eigenvalues. In the stability analysis that follows, we will only comment on those regions where the fixed point is stable.
• The scalar field kinetic energy dominated fixed points, (1) and (2), both have e 1 > 0 and hence cannot be stable. The radiation fluid dominated fixed point, (6) (r) , can only be a saddle point, since e 1 , e 3 < 0 and e 2 , e 4 > 0.
• Fixed point (a) is found to be a stable node when
and a stable spiral when
• Fixed point (6) (d) is a stable node when one of the following set of inequalities is satisfied
• The mixed fixed point, (5) (r) , can only be a saddle point in the existence range of β 2 > 2. The other disformal fixed point, (3) (r) , is found to be a stable node when
The last disformal fixed point, (4) (r) , can also be a stable node if the following inequalities are satisfied
• The radiation scaling fixed point, (8) (r) , is a stable node when
and it can also be a stable spiral when the following inequalities are satisfied
• The scalar field dominated fixed point, (7), is a stable node in the following regions
• The conformal dust scaling fixed point, (8) (d) , can either be a stable node or a stable spiral, as depicted in Fig. 7 . Although this fixed point also appears in the previous two fluid and single fluid cases, the stable regions differ from those presented in Fig 1 and  Fig 5 . We illustrate two examples in Fig 8, showing the evolution of Ω i and the effective mass, M eff . In Fig 8 (a) we use the same parameters and initial conditions as those used in the example shown in Fig 6. It is evident that the radiation disformal coupling gives rise to a larger contribution to the radiation energy density at late times. Indeed, when the radiation disformal coupling exponent parameter is reduced, as depicted in Fig 8 (b) , this enhanced contribution is diluted.
Two Fluids-Two conformal-disformal dust components
In this section, we study the full solution of the two fluid conformal-disformal system presented in Section 3 for the particular case of two dust components. Similar to the system discussed in Section 5.1, this system is also five-dimensional, in which we choose our dynamical variables to be x, y, z 1 , σ 1 and σ 2 . Furthermore, the couplings and scalar field potential are identical to those in (5.1). As expected, we recover the single fluid dust case fixed points for both components, although we obtain a conformal dust dominated fixed point, (c), in which neither of the fluids is subdominant. We list this fixed point in Table 7 . Fixed point (c) is characterised by x = y = σ i = 0 and
Furthermore, the radiation dominated fixed point (6) (r) is also obtained in this way, although in that case the radiation fluid dominates the solution. This dust dominated fixed point has already been studied in Ref. [28, 31, 36] . Indeed, the fixed points for this system are found to be the following: (1), (c), (2), (6) 
We use a superscript with the single fluid dust fixed point labels to indicate the dominant fluid, i.e. for superscript i we have z i = 0. We only comment on the existence of (c), since for the other fixed points, this analysis follows directly from Section 4.1.1. This conformal dust dominated fixed point exists when either of the following holds
Stability Conditions
As was done in the previous cases, we also give the stability analysis of these fixed points, in which we only discuss the regions where the fixed point is found to be stable. All eigenvalues are listed in Appendix D3. For each fixed point we have five eigenvalues, e 1,2,3,4,5 , which, in general depend on all five model parameters, α 1,2 , β 1,2 , λ. This is in contrast with the dustradiation case in which, although we have the same number of eigenvalues, the eigenvalues when (β 1 , β 2 , α j =i ) = (0.1, 0.5, 0.7) (left), (β 1 , β 2 , α j =i ) = (−0.5, 0.9, 0.7) (right), and (β 1 , β 2 , α j =i ) = (−0.5, 0.5, −0.8) (bottom).
in that case did not depend on α 2 . This is due to the fact that radiation is conformally invariant.
• For this case, the two kinetic dominated fixed points can be stable. Indeed, (1) is stable when the following holds
and (2) is a stable node whenever the following inequalities are satisfied
• The conformal dust dominated fixed point (c) is found to be a saddle when satisfying the existence condition. • The conformal kinetic fixed point, (6) 1 (d) , is a stable node when the parameters satisfy the following inequalities,
and the other conformal kinetic dust fixed point, (6) Table 8 : Listed are, respectively, the cases considered in Fig 11 together with the respective parameter values. Cases I, II, III, and IV are all disformally coupled cases, whereas cases Ic and IIc are conformally coupled cases.
one of the following conditions is satisfied
The regions of stability for the conformal scaling fixed points, (8)
, are shown in Fig  9. The regions of stability differ from the previous cases, since the eigenvalues now depend on all five model parameters, leading to more degrees of freedom in the (α i , λ) parameter space.
• The regions of stability for the four disformal fixed points (3) Fig 10. • The scalar field dominated fixed point (7), is a stable node when the parameters satisfy either one of the following conditions
We illustrate some examples in Fig 11, in which we consider different coupling cases as tabulated in Table 8 . The purely conformal cases are denoted by Ic, and IIc. We use these conformal cases to compare with the disformal cases I, II, III, and IV. In case I, we consider the first dust component to be conformally coupled and the second component to be purely disformally coupled. In case II, the first dust component is conformally coupled, whereas the second component is conformally-disformally coupled. In case III the two dust components are both conformally-disformally coupled, whereas in case IV the two components are purely disformally coupled. We remark that when we neglect the disformal coupling we consider M i → ∞ in Eq. (5.1), hence β i is arbitrary in these circumstances.
Cosmological consequences
In the following section we will summarize our findings and present some cosmological consequences.
General remarks
The only fixed points that admit accelerated solutions are points (7) and (8) (d) . When the attractor of the system is the scalar field dominated fixed point (7), the matter and radiation sectors vanish completely as soon as this point is reached. Hence, in order to account for the present non-zero matter and radiation densities, the initial conditions should be fine tuned in such a way that the scalar field dominated attractor is not reached at the present time.
On the other hand, the conformal dust scaling fixed point (8) (d) , is a solution for which the matter and scalar field energy density parameters Ω m,φ , stabilize to a constant finite value and remain indefinitely constant. The values of these energy density parameters are fixed when the conformal coupling strength parameter, α, and the scalar field potential exponent, λ, are specified, and are independent from the choice of initial conditions. As a consequence, the coincidence of the current values of the energy density parameters is solved when the attractor of the system is point (8) (d) . However, trajectories with this global attractor are known to lack a matter dominated epoch (see for example Ref. [9] ) which could lead to negative consequences on the growth of perturbations. All trajectories starting deep in the radiation era depart from the neighbourhood of the radiation dominated fixed point (6) (r) , even if initially the field's kinetic energy dominated, i.e. near the kination fixed points (1) and (2), as the system would quickly evolve towards the saddle point (6) (r) . After leaving the radiation dominated fixed point, the trajectory could pass near the radiation disformal fixed point, mixed fixed point, and the disformal dust radiation fixed point. The existence of these transient saddle points depends on the parameter choice of a given model. Indeed, in Fig. 6 all three saddle points are present in the field-radiation-dominated era (φRDE), while in Fig. 8 only the points (5) (r) and (3) (r) exist, with (5) (r) being the transient fixed point in the φRDE. In this φRDE, energy is transferred from radiation to the coupled scalar field as the trajectory passes near these transient fixed points. A further energy transfer to the coupled matter sector is also possible if the trajectory evolves temporarily towards point (b). As a consequence, radiation-matter equivalence happens at a different e-fold number when compared with the purely conformal system which is missing the mentioned fixed points.
In the matter dominated era, conformally coupled models are known to enter a fieldmatter-dominated era, or φMDE [9] , characterised by an energy transfer from matter to the coupled scalar field. This happens as the trajectory passes near the conformal dust kinetic saddle point (6) (d) , before it is attracted towards the scalar field dominated fixed point (7) . In the uncoupled case, fixed point (6) (d) is fixed at x = y = 0, and hence does not lead to the energy transfer observed in the conformally coupled model. When matter and radiation are disformally coupled, the φMDE could be modified due to an evolution of the trajectory towards one of the disformal fixed points. This is clearly seen in Fig. 6 in which the system, after leaving the point (6) (d) , passes near the disformal saddle point (3) (d) . As a result, there is a transfer of energy from the coupled scalar field to matter; the reverse process of the conformally coupled model. An increase in the radiation energy density could also appear in the φMDE. This is illustrated in Fig. 8 , in which radiation is disformally coupled while matter is only conformally coupled to the scalar field. The energy transfer from matter and the scalar field to radiation occurs, because of an evolution of the trajectory towards the disformal radiation saddle point (3) (r) , before the trajectory is attracted towards fixed point (7) .
The conformal dust radiation fixed point could also be a transient fixed point, although this requires a large conformal coupling α 2 > 1/2 . This might be in conflict with local observations in the purely conformal scenario, however such constraints could be relaxed when considering multiple couplings, such as the additional disformal coupling [37] .
The conformal dust dominated fixed point, although it is not able to give an accelerated expansion of the Universe, it could be a transient fixed point for the evolution of two coupled dust fluids. In conformally coupled models, the trajectory first evolves towards the conformal dust kinetic fixed point, resulting in an increase of the scalar field energy density parameter, and then the trajectory evolves towards saddle point (c), as it is attracted towards the global attractor point (7) . The transition towards the conformal dust dominated fixed point is clearly seen in case IIc depicted in Fig. 11 , characterised by a decrease in the scalar field energy density before the system evolves towards the dark energy dominated era. On the other hand, in the presence of a disformal coupling, the disformal fixed point of the disformally coupled dust component (4) (d) , delays the evolution towards the conformal dust kinetic and the conformal dust dominated fixed points. As shown in Fig. 11 , this disformal fixed point can even force the system to evolve directly towards point (c), and hence no transfer of energy to the coupled scalar field takes place, which would then shift the field-matter equivalence e-fold number.
Variation of the fine-structure constant induced by disformal couplings
It has previously been shown [38] that when radiation and matter are purely disformally coupled with the scalar field, such that the disformal couplings are of different strengths, this gives rise to a variation in the evolution of the fine-structure constant, α. Indeed, if we consider the action (2.1) with two species, matter and radiation, i.e.
such that the matter metric,g
µν , and the radiation metric,g
µν , are disformally related with the gravitational sector metric g µν by Eq. (2.2), we can identify the fine-structure constant to be
3) 4) such that C r,m and D r,m are the radiation and matter conformal and disformal couplings, respectively. In terms of the dynamical system variables introduced in equations (3.1)-(3.2), the fine-structure constant simplifies to 5) where the variable Z i is defined as given in Eq. (3.15), and we use subscripts r, m for radiation and matter, respectively. Furthermore, the evolution of the fine-structure constant can be written as ∆α
where Z 0 m = Z m (z = 0) and Z 0 r = Z r (z = 0). From Eq. (6.5), it is evident that for a disformal fixed point which is characterised by a metric singularity in either the radiation metric or the matter metric, the fine-structure constant cannot be defined. This observation supports the arguments presented in Ref. [18] , in which such fixed points were considered as unviable fixed points. However, one could consider a trajectory such that the system discussed in Section 5.1 reaches (5) (r) at BBN and evolve towards the attractor (8) (d) , in which case Eq. (6.6) reduces to ∆α/α = 1 + 4/ (2 − 3β 2 r ) − 1. By considering this evolution and by using the BBN constraint of |∆α/α| < 6 × 10 −2 [34, 39] , we get that |β r | > 3.48.
Conclusions
In this article we performed a thorough analysis of generalized couplings of a scalar field with a single or two matter fluids. More specifically, we first generalized previous literature results by studying a scalar field conformally and disformally coupled to a perfect fluid with an arbitrary equation of state. We investigated the generic existence conditions and evaluated the stability conditions for the particular cases of dust and radiation.
We verified that depending on the value of the logarithmic slope of the disformal coupling, λ i D = −2(α i + β i ), the fixed points may have a region of parameter space that render it stable. In general, the introduction of disformal couplings allows any given fixed point to have a relevant cosmological role at some given epoch of the history of the Universe. For example, the kinetic fixed point for dust turns out to be stable when the disformal coupling is introduced.
We extended this analysis to a system with two perfect fluids. Here the analysis is far more complicated and despite not being able to present results for generic fluids, we were able to understand in detail the cases of a conformal-disformal dust and conformal-disformal radiation and, two conformal-disformal dust components, which are the most relevant cases for cosmological applications. In the case of a conformal dust and conformal-disformal radiation of Section 5.2, we gave a curious example when the radiation component may become important at late times. We concluded that disformal couplings on their own are repellors and therefore the matter metric singularity is safely avoided.
We also looked at some cosmological consequences arising from the obtained fixed points. The introduction of the disformal fixed points lead to an intermediate phase between the radiation era and equivalence, denoted by φRDE, and to the modification of an intermediate phase between the matter era and accelerated era, denoted by φMDE, where the latter intermediate phase is also present in purely conformal models. The variation of the finestructure constant induced by considering disformally coupled matter and radiation has also been addressed in this work.
It would now be important to evaluate the background and perturbations' evolution impact on the observables constrained by current and future probes. It would also be useful to extend the results of our work to more general actions such as k-essence or multiple fields scenarios. in which the field sits in the minimum of an effective potential defined by 3H 2 λ V y 2 + κ(Q 1 + Q 2 ) = 0, at finite values of φ = φ * . Alternatively the functions can be, for example, of power-law form, in which case λ V , λ i C and λ i D are varying. In these situations, it is useful to introduce another equation related to x which closes the system. The full system now reads It then becomes possible to classify all the asymptotic behaviours of the cosmological model in relation to the functional features of the potential and disformal parameters. In particular, we find a non-trivial fixed point given in Table 9 . Although this requires that w 1 = −1, this fixed point is distinct from a bare cosmological constant due to the non-vanishing couplings.
Appendix B: Stability
In this section we briefly point out the method used in order to arrive to the eigenvalues with which we then determine the stability of the fixed points. A broader discussion on this subject can be found in Ref. [18] . We will consider a general system of n first-order ordinary differential equations for n variables X i as a function of some coordinate t. Since all systems considered are autonomous, we will consider this general system to be of the same type, by which we can write our system as follows
We define the fixed points, {X c j }, of our system to be the solutions of the n algebraic equations when we set f i = 0 ∀i. By considering a small perturbation, δX i , around a fixed point, X c i , i.e. considering a point X i = X 2 , 
